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Abstract: It has been recently proved that the averaging of free CFT’s over the Narain
lattice can be holographically described through a Chern-Simons theory for U (1)D×U (1)D
with a precise prescription to sum over three-dimensional handlebodies.
We show that a gravitational dual of these averaged CFT’s is provided by Einstein grav-
ity on AdS3 with U2(D−1) gauge fields, endowed with a precise set of boundary conditions
closely related to the “soft hairy” ones. Gravitational excitations then go along the diagonal
SL (2,R) generators, so that the asymptotic symmetries are spanned by U (1)D × U (1)D
currents. The stress energy tensor then naturally becomes composite of the these cur-
rents through a twisted Sugawara construction. Our boundary conditions are such that
for the reduced phase space, there is a one to one map between the configurations in the
gravitational and the purely abelian theories. The partition function in the bulk could
then also be performed either from a non-abelian Chern-Simons theory for two copies of
SL (2,R) × U (1)D−1 generators, or formally through a path integral along the family of
allowed configurations for the metric. The new boundary conditions include BTZ black
holes, whose number of states is larger than those of the averaged theories at the bound-
ary. Thus, in order to take into account for the additional states, one should explore the
possibility of extending the number of allowed off-shell configurations in some suitable yet
unknown way. The inclusion of higher spin currents through an extended twisted Sugawara
construction in the context of higher spin gravity is also briefly addressed.ar
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1 Introduction
It has been recently shown that the path integral of Jackiw-Teitelboim gravity [1–3] can
be seen as the dual to an average over an ensemble of theories at the boundary, instead of
a single specific one [4]. Aiming to lift this result to higher dimensions, in refs. [5, 6], the
bulk dual of averaged free two-dimensional CFT’s over the Narain lattice [7, 8] has been
identified as an abelian U (1)D × U (1)D Chern-Simons theory, given by
I =
D∑
I=1
ˆ
Y
(
A+I dA
+
I −A−I dA−I
)
, (1.1)
with a precise prescription to sum over three-dimensional oriented handlebodies Y with
fixed boundary ∂Y = Σ. The partition function then fulfills∑
Y
Z
U(1)2D
Y (τ) = 〈ZΣ (m, τ)〉 , (1.2)
where ZΣ (m, τ) stands for the partition function of the free CFT2 at the point m of the
lattice, and τ collectively denotes the modular parameters of the Riemann surface Σ. The
bracket 〈· · · 〉 stands for averaging over Narain moduli space, whose measure is determined
by the Zamolodchikov metric, normalized so that the volume of Narain moduli space is
equal to one.
The result can be transparently visualized for a single connected surface Σ of genus 1.
In this case, the partition function of the free CFT2 is given by
ZΣ (m, τ) =
Θ (m, τ)
|η (τ)|2D ,
– 1 –
where η (τ) is the Dedekind eta function, and Θ (m, τ) is the “Siegel-Narain” theta function.
Therefore, by virtue of the Siegel-Weil formula [9–12] the right-hand side of eq. (1.2) reads
〈ZΣ (m, τ)〉 =
ED/2 (τ)
Im (τ)D/2 |η (τ)|2D
,
where ED/2 is the real analytic (non-holomorphic) modular invariant Eisenstein series.
Following [5, 6], the left-hand side of eq. (1.2) can be obtained as follows. Although the
abelian Chern-Simons theory carries no metric in the bulk, the perturbative contribution
to the partition function can be evaluated on Euclidean (thermal) AdS3, whose boundary
is a torus with modular parameter τ . The 1-loop partition function is then given by that
of D left and right moving chiral bosons, determined by the vacuum character of the
U (1)D × U (1)D current algebra [13], i.e.,
Z
U(1)2D
EAdS3 (τ, τ¯) =
1
η (τ)D η (−τ¯)D = χ0 (τ) χ¯0 (τ¯) .
For our purposes, it is worth highlighting that this is a direct consequence of the fact that
the asymptotic symmetries of the theory in the bulk are described by the U (1)D × U (1)D
affine algebra.
The full partition function in the bulk, Zbulk (τ), can then be obtained once the sum
over handlebodies is carried out. This is explicitly performed along the lines of [14], i.e.,
summing over all modular images in SL (2,Z) quotiented by those preserving Euclidean
AdS3, given by Γ, being spanned by the T modular transformation. The full partition
function can then be expressed as
Zbulk (τ) =
∑
γ∈SL(2,Z)/Γ
1
|η (γτ)|2D =
1
Im (τ)D/2 |η (τ)|2D
∑
γ∈SL(2,Z)/Γ
Im (γτ)D/2 ,
which by virtue of the definition of the Eisenstein series,
Es (τ) =
∑
γ∈SL(2,Z)/Γ
Im (γτ)s ,
agrees with the average of dual theories at the boundary, Zbulk (τ) = 〈ZΣ (m, τ)〉.
As pointed out in [5], since the theory in the bulk is abelian, it possesses “boundary
photons” instead of boundary gravitons, that are described by chiral and anti-chiral current
algebras at the boundary. Nonetheless, a composite boundary graviton is certainly provided
by the Sugawara construction, and it is then natural to wonder about its gravitational dual
in the bulk.
One of the main purposes of our work is showing that a simple setup to realize the
gravitational dual in the bulk can be given by Einstein gravity on AdS3 supplemented by
2 (D − 1) abelian gauge fields, endowed with a precise choice of boundary conditions, being
closely related to those in [15, 16]. Our boundary conditions guarantee that the asymptotic
symmetries are spanned by the U (1)D×U (1)D affine algebra, so that in the reduced phase
space there is a one to one correspondence between configurations in the gravitational and
abelian theories.
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2 Gravitational dual and its boundary conditions
Let us consider Einstein gravity on AdS3 with an additional set of 2 (D − 1) abelian gauge
fields, so that the action can be written as
I [gµν , AµI ] =
1
16piG
ˆ
Y
d3x
√−g (R+ 2l−2)+ D∑
I=2
ˆ
Y
(
A+I dA
+
I −A−I dA−I
)
. (2.1)
It is useful to express the gravitational sector as the difference of two Chern-Simons actions
for SL (2,R) with level k = l/ (4G) [17, 18], so that the non-abelian gauge fields relate to
the dreibein and the spin connection according to1
A
sl(2,R)
(±) = ω ±
e
l
.
The action (2.1) can be written as the difference of two Chern-Simons actions for SL(2,R)×
U (1)D−1, up to a boundary term. Following [19] and also [20, 21], it is useful to express
the SL(2,R)× U (1)D−1 gauge fields A± in the asymptotic region as
A± = b−1±
(
d+ a±
)
b±, (2.2)
where the dependence on the radial coordinate is completely captured by the group elements
b± = b± (r). The asymptotic behavior becomes then fully specified once the excitations of
the auxiliary gauge fields a± are specified in the asymptotic region.
We propose a set of boundary conditions, being such that gravitational excitations go
along the diagonal sl (2,R) generators L±0 , so that
a± =
(
J ±L0 +
D∑
I=2
J ±I ZI
)
dx±, (2.3)
where x± = tl ± φ, and ZI stand for the U (1) generators. Note that the field equations,
F = 0, imply that left and right excitations are chiral and anti-chiral, respectively.
The asymptotic form of the gauge fields is preserved under gauge transformations
δλa
± = dλ± + [a±, λ±], with λ± = η±i Li + η
±
I ZI , provided that the excitations transform
according to
δJ ± = ∂±η± , δJ ±I = ∂±η±I , (2.4)
where the parameters η±I and η
± := η±0 are (anti-)chiral. Additional gauge transformations
spanned by suitable parameters η±1 and η
±
−1 can be seen to be trivial proper gauge transfor-
mations that do not contribute to the canonical generators, that can be obtained following
different approaches [22, 23]. They are given by Q = Q+ −Q−, with
Q±
[
η±, η±I
]
= ∓
ˆ
dφ
(
k
4pi
η±J ± +
D∑
I=2
2η±I J ±I
)
. (2.5)
1We mostly follow the conventions of [15].
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The asymptotic symmetry algebra spanned by the generators (2.5) can then either be
obtained from the computation of their Dirac brackets, or more quickly, by virtue of
δχQ [] = {Q [] , Q [χ]}, from the transformation law of the dynamical fields in (2.4). It is
readily found to be that of U (1)D × U (1)D currents. Indeed, expanding in Fourier modes
according to
J ± = 2√
k
∑
n
J (1)±n e
±inφ , J ±I =
1√
2pi
∑
n
J (I)±n e
±inφ,
the nonvanishing brackets read
i
{
J (I)±n , J
(K)±
m
}
=
1
2
nδIKδm+n,0, (2.6)
where for the modes, the indices I,K take values on 1, 2, . . . , D.
Our boundary conditions could be regarded as an extension of the “soft hairy” ones in
[15, 16] for which the chemical potentials are allowed to depend on the dynamical fields in
a precise way. Different sets of boundary conditions whose chemical potentials also depend
on the dynamical fields have been devised in order to make contact with two-dimensional
integrable systems in refs. [24–28].
3 Geometrical emergence of composite Virasoro generators
Following the lines of [15, 16], a twisted Sugawara construction naturally emerges from
the comparison of the asymptotic structure of spacetime for our boundary conditions with
that of Brown-Henneaux [29] endowed with U (1)2(D−1) currents. Thus, the asymptotic
symmetry algebra of the standard boundary conditions (with spectral flow), spanned by
two copies of the semidirect sum of Virasoro with the U (1)D−1 affine algebra, arises from
composites of the U (1)2D currents.
In order to perform the comparison one has to express both sets of boundary conditions
in terms of the same variables. Note that for our asymptotic behavior, described through
eqs. (2.2) and (2.3), the gravitational auxiliary gauge fields a±sl(2,R) are written in the
diagonal gauge, while for the standard Brown-Henneaux boundary conditions they are
expressed in the highest weight gauge [19]. Therefore, the searched for relationships can
be obtained once the asymptotic form of our connections in (2.2) and (2.3) are written in
the highest weight gauge for some suitable generic choice of some still unspecified chemical
potentials as in [20, 21].
For simplicity, we carry out the comparison just for the “+” copy of the gauge fields.
Indeed, one proceeds in the same way for the other copy, and so we drop the superscript
“+”.
The asymptotic form of the connection in the highest weight gauge reads
Aˆ = bˆ−1 (d+ aˆ) bˆ,
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with bˆ = eρL0 , and
aˆφ = L1 − 1
2
(
L − k
16pi
D∑
I=2
J 2I
)
L−1,
laˆt = µL1 − µ′L0 + 1
2
[
µ′′ −
(
L − k
16pi
D∑
I=2
J 2I
)
µ
]
L−1,
where L and µ stand for arbitrary functions of t and φ, and prime denotes derivatives
with respect to φ. Note that the spectral flow was already incorporated in the auxiliary
connections, see e.g. [30].
One can then show that the auxiliary gauge field aˆ in the highest weight gauge and a
in the diagonal gauge are related by a group element g that is permissible in the sense of
[21], i.e., it does not interfere with the asymptotic structure. Indeed, aˆ = g−1 (d+ a) g with
g = exp (xL1) exp
(
−1
2
JL−1
)
,
where x = x (t, φ) fulfills µ = lx˙−J x, and x′ −J x = 1. Consistency with the fact that J
is a chiral mover implies that
µ′ + J (1− µ) = 0 ,
which means that the chemical potential µ at the boundary is generically given by
µ (t, φ) = 1 + f (t) exp
[ˆ φ
0
J (φ′) dφ′] , (3.1)
where f (t) is an arbitrary function of time.
The gauge fields a and aˆ are then mapped into each other provided that the boundary
gravitons are related to the “boundary photons” through a twisted Sugawara construction
L = k
16pi
D∑
I=2
J 2I +
1
2
J 2 − ∂+J , (3.2)
which in modes reads
Ln =
D∑
I=2
(∑
p
J
(I)
n−pJ
(I)
p
)
+
∑
p
J
(1)
n−pJ
(1)
p + in
√
kJ (1)n .
Therefore, by virtue of (2.6) the modes Ln fulfill the Virasoro algebra with the Brown-
Henneaux central charge
i {Ln, Lm} = (n−m)Ln+m + 1
2
kn2δn+m,0,
together with
i
{
Ln, J
(I)
m
}
= −mJ (I)m+n,
for I = 2, . . . , D.
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Note that the map between highest weight and diagonal gauge choices implies that
the corresponding parameters ηˆ, that preserve the asymptotic structure in the highest
weight gauge, become field dependent. Indeed, under the action of an asymptotic symmetry
spanned by a purely gravitational U (1) current, the corresponding parameters in the highest
weight gauge fulfill
J ηˆ − ηˆ′ = η, (3.3)
so that the transformation law of the boundary gravitons, δL = 2L∂+ηˆ + ηˆ∂+L − ∂3+ηˆ, is
recovered from that of the boundary photons δJ = ∂+η by virtue of the twisted Sugawara
relation (3.2).
It should be emphasized that, although the currents Ln satisfy the Virasoro algebra,
the relationship between the parameters in (3.3) implies that their associated generators
Q [ηˆ] actually span the gravitational U (1) current algebra, because
δQ = − k
4pi
ˆ
dφηˆδL = − k
4pi
ˆ
dφηδJ .
As an ending remark of this section, we point out that since the chemical potentials
µ± are related to the lapse and shift functions of the boundary metric, they should be
single valued. Therefore, eq. (3.1) implies that if the function f (t) were chosen to be non-
vanishing, the zero mode of J should be excluded. Nonetheless, for the choice f (t) = 0
(µ = 1), the zero modes of the U (1) currents are allowed.
4 Contact with the abelian theory in the bulk
The new boundary conditions ensure that the reduced phase space of the gravitational
action (2.1) coincides with that of the abelian theory in (1.1). Therefore it is possible to
establish a one to one map between configurations in the abelian theory and those of the
gravitational one with our boundary conditions. The map is precisely given by
AU(1)D = h
−1
(
d+ASL(2,R)×U(1)D−1
)
h,
with h = b−1bU(1)D , where b = b (r) stands for the gauge group element in (2.2), and
bU(1)D = bU(1)D (r) corresponds to that of abelian theory. For instance, if the asymptotic
form of the metric were given in normal coordinates, then the gravitational factor of the
group element can be chosen as bsl(2,R)± (r) = exp
(± r2l (L1 − L−1)).
Hence, the partition function in the bulk could be performed either from the non-
abelian Chern-Simons theory, or formally through a path integral along a family of allowed
configurations for the metric, i.e.
〈ZΣ (m, τ)〉 =
∑
Y
Z
U(1)2D
Y (τ) =
∑
Y
Z
(SL(2,R)×U(1)D−1)2
Y (τ) =
∑
Y
ˆ
Dgµν
D∏
I=2
DAµIe−IE ,
where IE stands for the Euclidean continuation of the action (2.1). In this sense, the
presence of a metric in the bulk endows Y with a well-defined notion of (Riemannian)
manifold with boundary Σ.
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5 Metric formalism, black holes and microscopic counting of states
Note that the abelian fields in the gravitational theory (2.1) are described through a Chern-
Simons action, so that they do not couple to the metric; and hence, the spacetime metric
solves the Einstein equations with negative cosmological constant in vacuum. For our choice
of boundary conditions (2.2), (2.3), the most general solution is given by
ds2 = dr2 +
l2
4
(
J 2+dx+2 + J 2−dx−2 − 2 cosh
(
2r
l
)
J+J−dx+dx−
)
, (5.1)
where J ± = J ± (x±) are (anti-)chiral.
Diffeomorphisms that preserve the form of the metric, δξgµν = Lξgµν , are then spanned
by ξ = ξµ∂µ, with ξr = 0 and
ξ+ =
η+
J+ , ξ
− =
η−
J− ,
provided that δJ± = ∂±η±, with ∂∓η± = 0.
It is reassuring to verify that the metric and the asymptotic symmetries agree with
those obtained from the Chern-Simons formulation with gµν = l
2
2
〈(
A+µ −A−µ
)
(A+ν −A−ν )
〉
,
and η±L0 = ξµa±µ .
Note that generic BTZ black holes [31, 32] belong to the reduced phase space, as it
can be seen from the zero modes of (5.1). Massless and extremal BTZ black holes become
excluded, since the metric degenerates for vanishing J (1)+0 or J
(1)−
0 . Anti-de Sitter spacetime
is also excluded, but it is clearly brought back in the Euclidean continuation.
The Bekenstein-Hawking entropy, once expressed in terms of the global charges reads
S =
A
4G
= 2pi
√
k
(
J
(1)+
0 + J
(1)−
0
)
,
in agreement with [15, 16], and by virtue of (3.2) is equivalent to the Cardy formula sup-
plemented by the spectral flow, i.e.,
S =
√
2pik

√√√√L+ − k
16pi
D∑
I=2
(J +I )2 +
√√√√L− − k
16pi
D∑
I=2
(J −I )2
 .
Apparently, the asymptotic growth of the number of states is then larger that those of aver-
aged theories at the boundary, recently obtained in [6], since ρ ≈ exp
(
2pi
√
c
3
(
∆− c12
))
(2pi)c∆c−1
Γ(c) . Therefore, in order to take into account for the additional states, one should
explore the possibility of extending the number of allowed off-shell configurations. Our
results suggest that the modular parameter of the torus τ could be extended to include the
chemical potentials associated to the U (1)2(D−1) charges, so that the counting over allowed
configurations might require some sort of suitable “sum over images” on this extended space.
Indeed, in the gravitational theory, regular solutions include additional branches that are
not continuously connected to the BTZ black hole, due to the nontrivial holonomies of the
gauge fields.
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6 Extended Sugawara construction and boundary conditions for higher
spin gravity
One of the key points to obtain the gravitational dual of the Sugawara formula was the
inclusion of a suitable twisting, precisely as in the Miura map in (3.2), so that the stress-
energy tensor fulfills the Virasoro algebra with the Brown-Henneaux central charge. The
precise twisting is geometrically realized in the bulk for the gravitational theory (2.1) with
our boundary conditions.
Due to the presence of the additional U2(D−1) fields, it is natural to wonder about a
similar construction that allowed to incorporate higher spin currents. Indeed, in the case
of D = 2, the expected extended Sugawara construction can be obtained along the lines of
[33], so that
L = k
4pi
(
2
3
J 2(3) +
1
2
J 2 + ∂+J
)
,
W = − k
6pi
(
−8
9
J 3(3) + 2J 2J(3) + J(3)∂+J + 3J ∂+J(3) + ∂2+J(3)
)
, (6.1)
precisely fulfill the W3 algebra with the corresponding central extension obtained from
gravity with a spin three field for the boundary conditions in [34, 35]. In this case, the
extended Sugawara construction can be seen to emerge from higher spin gravity with
SL (3,R)× SL (3,R) gauge group, endowed with U (1)D−2 × U (1)D−2 gauge fields.
Thus, in a generic case, the bulk dual can be given by higher spin gravity for SL (N,R)×
SL (N,R) with U (1)2(D−N+1) gauge fields, with boundary conditions defined through (2.2),
so that the auxiliary gauge fields in the asymptotic region are given by
a± =
(
J ±L0 +
N∑
s=3
J ±(s)W
(s)
0 +
D∑
I=N
J ±I ZI
)
dx±, (6.2)
where L0 and W
(s)
0 are the generators of the Cartan subalgebra of SL (N,R). Therefore,
the asymptotic symmetry algebra can be readily seen to be spanned by the U (1)D×U (1)D
current algebra.
The geometrical realization of the extended Sugawara construction then naturally
emerges from the comparison of our boundary conditions in the diagonal gauge with those
that include the higher spin black holes in the highest weight gauge [20, 21].
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